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Applications of Steady-State Spray Equations to
Combustion Modeling

FREDIANO V. BRACCO*
Guggenheim Laboratories, Princeton University, Princeton, N.J.

A constant cross-sectional area rocket motor was used to study the combustion of a spray of ethanol drops
in oxygen. The steady-state spray equation was solved for monodisperse and distributed initial drop radii and for
various drag and vaporization rate equations. The local flux of liquid ethanol drops thus calculated was compared
with the experimentally determined one for the purpose of selecting a proper over-all spray combustion model.
The main conclusion is that a model made up of a Nukiyama-Tanasawa initial drop radii distribution function,
a Stokes drop drag equation, and either a modified Priem-Heidmann or a modified Spalding drop vaporization
rate equation reproduced accurately the steady state of the engine tested. The original Priem-Heidmann and
Spalding vaporization rate equations, which were suggested for single fuel droplets vaporizing and burning in
infinite oxidizing media, were found to overestimate the vaporization rate of the droplets within the spray.
Moreover, they would have lead to the erroneous conclusion that most of the vaporization occurs in the first few
inches of the combustor, and the remaining lingers on at great length, while the actual vaporization is considerably
more uniformly distributed in the axial direction. The monodisperse spray models, corresponding to the acceptable
distributed spray models, gave acceptable results as well (in this case r0 = 5r30/3.915).

Nomenclature
A = combustion chamber cross-sectional area, cm2

CD = drag coefficient
/ = drop distribution function, I/cm2

KI = vaporization rate constants, cm2/sec
KI*= modified vaporization rate constants, g/cm sec
Pr = Prandtl number
r = drop radius, cm or //
7*30 = volume-number mean drop radius, cm or n
Re = Reynolds number
t = time, sec
u — velocity, cm/sec
WF = flux of liquid fuel, g/cm2 sec
x = distance from the injector, cm
7 = specific heat ratio
\i = viscosity coefficient, g/cm sec
p = combustion gas density, g/cm3

pL = liquid fuel specific gravity, g/cm3

Subscripts
f = at complete combustion or final values
/ = liquid fuel drop
o = at the injector end (at x = 0)

Introduction

THE combustion of a spray of fuel droplets in an oxidizing
atmosphere is a problem of considerable current interest but

far from being quantitatively understood. Our ability to optimize
the design of gas turbines, home and industrial furnaces, and
direct injection reciprocating and rotary engines (compression
ignition or stratified, spark ignition) for minimum emissions and
maximum combustion efficiency would be greatly enhanced if
reliable mathematical models for the combustion of a spray were
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available. These models must eventually rely on semiempirical
relationships for such spray combustion subprocesses as jet
breakup and droplet drag and vaporization. These subprocesses
have been actively investigated, both theoretically and experi-
mentally, for over twenty years but only solutions and correla-
tions for oversimplified conditions have so far been obtained.

This study was undertaken to investigate the influence of the
various subprocesses on the over-all spray combustion rate and
to identify, as well as possible, which semiempirical correlations
for the various subprocesses yield the best results when incor-
porated in an over-all model.

The functional relationships for the jet breakup and for the
droplet drag and vaporization, which were found to give
theoretical results in agreement with the experimental ones in
this study of the ethanol-oxygen system, should be applicable
to the previously mentioned, common hydrocarbon-air reactors.
However, certain not-too-restrictive conditions must be verified.
The chamber pressure must be subcritical, uniform, and steady
or varying in space and time so slowly with respect to the
moving droplet thermal diffusion time that the quasi-steady
vaporization assumption can be adopted. This is the case for the
continuous flow reactors and at least for some regions of the
operating range of such common intermittent flow reactors as
direct injection reciprocating and rotary engines. The spray
should be preferably thick. In this study, the interdrop half-
distance is estimated to have been of the order of ten drop
radii during the most significant fraction of the drop life (say,
while 80% of its initial mass vaporizes). Under this condition,
which is similar to that existing in most hydrocarbon-air
reactors, simple diffusion flames around individual drops
are not likely to exist and the vaporization rate is likely to
depend more strongly on the gas-drop relative velocity and
on the temperature of the gas around the droplet than on
the oxidizer mass fraction of this gas (as for the case of a droplet
vaporizing without a diffusion flame around it). One obvious
consequence of this is a slower vaporization rate for the drop
in the thick spray, i.e., a vaporization rate constant which is
smaller than the one which would be estimated using data on
individual droplets burning in an infinite medium. This, indeed,
was found to be the case in this and other studies. Finally, even
though these functional relationships may be applicable, the
values of some of the constants which appear in them and which
gave the best results in this study will remain empirical para-
meters changing from configuration to configuration. This will
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Fig. 1 Experimentally determined liquid fuel flux and gas density and
velocity.

be so as long as accurate and detailed solutions of this multi-
dimensional and probably unsteady spray combustion problem
are not obtained, i.e., for several years to come.

The study was performed on ethanol sprays burning in gaseous
oxygen. A constant (square) cross-sectional area (6.75 x 6.75 cm2)
rocket motor was used. The chamber pressure was 20 atm, the
injection mixture ratio (O/F) was 1.44, and the complete
combustion Mach number was 0.158. The injector was made up
of 16 impinging like-on-like doublets with a distance between
injector units of approximately 1.5 cm. The combustion was
steady and took place over a length of over 100 cm. Recirculation
was significant only for a small fraction of the total combustion
length, within the first 10 cm of the motor (several times the
injector unit distance). Past this region, the combustion was
uniform on any cross section, i.e., one-dimensional. This situation
was confirmed by local temperature and streak photography
measurements.

The gas velocity, temperature, density, and composition, as
well as the local flux of liquid fuel were determined, vs distance
from the injector, by an experimental-analytical method1'13

which is not discussed in this paper. However, it is important
to notice that this method does not require any assumption
about the distribution, drag, and vaporization of the fuel drops
(accurate and repeatable static pressure measurements by
mercury manometers were used instead). This method was
extensively applied at three different chamber conditions and its
results were cross checked by other independent approaches
which included measurements of gas velocity by streak photo-
graphy,1 measurements of the characteristic velocity for various
chamber lengths,2 and measurements of velocities and pressures
of externally inducted shock waves.3 The results of interest in
this paper are given in Fig, 1. These quantities will be referred to
as "experimentally determined." Using the experimentally deter-
mined gas velocity and density, the spray equation was then
solved for various drag and vaporization models, and the local
flux of liquid fuel thus calculated was compared with the experi-
mentally determined one. A model was then considered accept-
able if the local flux of liquid fuel calculated by it agreed with
the experimentally determined one in trends and magnitude.

Models Studied
The following vaporization rate equations were studied:

dr/dt= -Xj/Sr (1)

— =- — [l+0.3Pr1/3Jte1/2]dt 8r
dr/dt= -(K3/&r)Re112

dr/dt = -(K4/8r)Re

dr/dt = -K,*/8pr

dt 8pr '
dr/dt= -(K3*/$pr)Rel/

dr/dt= -(X4*/8pr)JR£>

(2)

(3)
(4)

(5)

(6)

(7)

(8)

where

= [4y/(9y-5)]1/3 % 0.934
The effect of forced convection is absent in the first equation
and progressively more important in the following three equa-
tions. The fourth equation is herein investigated both to assess
the effect of a forced convection dominated vaporization rate
equation and because it would simplify steady and unsteady com-
bustion studies. In some of the computations the factor 0.276
instead of 0.3 was used in Eqs. (2) and (6) following Williams4

(then 0.276 Pr1/3 = 0.258). The difference between the results
obtained with the two factors is small and they are not discussed
separately. Most of the study was performed with the drag coeffi-
cient either equal to zero (no drag) or with Stokes drag equa-
tion (CD = 24/Re). But the case of higher drag was also examined.
Droplet breakup was not included. Both the monodisperse and
the distributed drop radius cases were studies. In both cases,
however, all drops were assumed to have initially the same
velocity (uio). Theories exist to evaluate the X's appearing in
some of the preceding vaporization rate equations as functions
of the local chamber conditions. 1 > 4~6 However, these theories
are based on assumptions which are not always verified in a
combustion chamber and how the local chamber conditions
should be used in those theories also involves some arbitrariness. l
Furthermore, the X's set the scale for the combustion length.
Thus a factor of 2 error in estimating K brings about a similar
error in the estimate of the combustion length. For all the above-
mentioned reasons, the X's were taken to be constant along the
combustion chamber and determined by the condition of best
agreement between the calculated and the experimentally deter-
mined local flux of liquid fuel. Thus the preceding vaporization
rate equations have been treated more as probable functional
forms than self-consistent applicable vaporization models.
Comparison between the X's which gave the best results and
those possibly predicted by the corresponding theories were
made a posteriori. The initial radius of the drops (r30 when
distributed initial drop radii were used) has an effect on the com-
putation of the combustion length similar to that of the X's.
However, it can more accurately be estimated, at least for the
engine configuration presently under consideration, using the
results of Ingebo.7 Accordingly, its value was changed but only
within the relatively narrow, predicted limits. A listing of the
models which were reviewed is given in Table 1.

Before discussing the individual models in some detail, it
might be helpful to point out a characteristic that they exhibited.
The models examined could be classified acording to the follow-
ing criterion. At one extreme there are those models which are
controlled by the effect of the relative velocity between gas and
liquid drops and the local flux of liquid fuel yielded by them
behaves like the dashed line in Fig. 2. Model A8 represents such
an extreme : the drag is zero so that HI — uio = const and the
relative velocity is large, the vaporization rate equation is strongly
dependent on the relative velocity and the vaporization rate, far
from the injection, is further enhanced by the presence of the 1/p
term. At the opposite extreme there are those models which are
controlled by the effect of the drop radius and their WF/WFo

Fig. 2 Trends of calculated vs measured liquid fuel flux.
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Table 1 Summary of the models examined and their degrees of acceptability
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N = Not acceptable.
Y = Acceptable.
M = Marginally acceptable.
* = Conclusion deduced from the study of the other cases.

behaves as the dotted-dashed line in Fig. 2. Model Dl represents
such an extreme: the drag is high so that the relative velocity
quickly tends to zero, the vaporization rate is independent of the
relative velocity and far from the injector the vaporization rate is
not even enhanced by the presence of the 1/p term. In fact, it
will be seen that it takes a relatively fine balance between the
two effects for a model to reproduce accurately the trend of the
already known WF/WFo. It will thus be possible to conclude that
vaporization rate Eqs. (6) and (7), with experimentally determined
X2* and X3* (almost one order of magnitude smaller than those
possibly predicted by the theory) and a Stokes drag equation, are
necessary to reproduce satisfactorily the already known WF/WFo
in magnitude and trend, and that the use of the distribution
function is not necessary, although it does tend to improve the
agreement.

Monodisperse Drop Radius Models
Models: A1-A4 of Table 1

All drops have initially the same radius and velocity and
vaporize according to vaporization rate Eqs. (1-4). The drag is
zero, the X's are constant and they are selected so as to give
the best agreement between the calculated and the experimentally
determined WF/WFo. The initial drop radius1 is 95 /i cor-
responding to the radius of that group of drops whose collective
volume (mass) is greater than the collective volume of any other
group of drops (r0 = 5r30/3.915). The r30 was selected using
Ingebo7 data (55 /i ̂  r30 ̂  75 ju). The initial drop radius of 75 ̂
was also used but the trends of the r0 — 95 n case can be obtained
again by properly adjusting the values of the X's. It can be
shown1 that for these models

——— Al ————Cl
A4 ——• —C4

----- A5 —- —C5
A8 —— — C8
Experimentally determined

Fig. 3
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as calculated by Models Al, A4, A5, A8, Cl, C4,
C5, C8.

WP/WPo = (r/r0)3 (9)
and r is determined by the step-by-step integration of the various
vaporization rate equations with u{ — ulo = const. The results of
Models Al and A4 are given in Fig. 3. A2 and A3 gave inter-
mediate trends. Notice that the over-all burning rate is too low
near the injector and too high far from it. In these models the
effect of the relative velocity is dominant. As long as the relative
velocity is low, the combustion rate is also low, but it increases
quickly after a proper relative velocity has been reached.
Notice also that all the four vaporization rate equations gave
essentially the same trend even though their functional forms are
quite different. These models were judged unsatisfactory.

Models: C1-C4 of Table 1
Same as previous models except for the drag which now is

different from zero. Stokes drag equation is now used:
CD = 24/Re. Since the typical Re in these calculations is of the
order of 100, Stokes drag is still smaller than that most authors
would agree should be experienced by the drops. For these
models, Eq. (9) still holds1 and r is determined by the step-by-
step integration of the various vaporization rate equations to-
gether with the drag equation

dx pL
(for CD = (10)

The results of Models Cl and C4 are given in Fig. 3. C2 and
C3 gave intermediate trends. Notice that the over-all burning
rate trend is now opposite to that of the previous models. The
burning rate is too high near the injector and too low far from
it. By adjusting the values of the K's one can obtain good
agreement either near the injector (proper local over-all burning
rate) or far from it (proper over-all combustion length) but cannot
obtain both at the same time. In these models the effect of the
drop radius is dominant. The relative velocity tends to become
small and the effect of the radius becomes dominant. Notice
again that all the four vaporization rate equations gave again
similar trends. These models were judged unsatisfactory.

Models: B1-B4 of Table 1
Same as previous models except for 0 < CD < 24/Re. No calcu-

lations were made for these models but from the study of the
previous ones one can conclude that they could conceivably
have yielded satisfactory agreement for some proper selection of
CD. This is because the previous two sets of models gave
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Fig. 4 WF/WFo as calculated by Models C6, G6, C7, G7.

opposite over-all burning rate trends and differed only for their
CD. Thus some intermediate CD function could possibly yield
the experimentally determined local fuel flux.

Models :D1-D4 of Table 1
Same as previous models except for CD > 24/Re. No calcula-

tions were made for these models but they should worsen the
already unacceptable trends of the models for which CD = 24/Re.
Increasing the drag, further decreases the relative velocity and the
over-all burning rate tends to get even higher near the injector
and even lower far from it.

Models :C5-C8 of Table 1
The models in which CD = 24/Re were judged unsatisfactory

because of their high over-all burning rate near the injector.
One way of reducing the burning rate near the injector is to make
the X's temperature dependent since it is found that the steady-
state gas temperature is lower near the injector. It was thus
assumed that the vaporization rate is lower where the tem-
perature is lower. The X's were then taken to be proportional
to the local gas temperature (but the inverse of the density was
actually used in this almost-constant pressure problem) and were
replaced by X*/p's where the X*'s are new constants. This change
achieved the goal of reducing the over-all burning rate near the
injector and increasing it far from it. Models C6 and C7 (based
on the modified versions of the Priem and Heidmann5 and
Spalding6 vaporization rate equations) were judged satisfactory
and the dimensionless liquid fuel fluxes yielded by them are given
in Fig. 4. In conclusion, a model using a monodisperse initial
drop radius and velocity, a Stokes drag, and a modified Priem
and Heidmann or Spalding vaporization rate equation has been
found to represent properly the combustion in the engine under
configuration. However, the values of the X*/p's are as much as
one order of magnitude smaller than those predicted by the
corresponding theories.1 In Fig. 4 the results from the models
which include the droplet distribution function are also given
although they will be reconsidered later. It can be seen that the
distribution function improves the agreement but not in an
essential manner.

Models: A5-A8 and B5-B8 of Table 1
It has been seen that in order to get acceptable agreement

when a uniform initial drop radius is used, one should either
use a CD < 24/Re and one of the first four vaporization rate
equations, or CD = 24/Re and vaporization rate equations
(6) and (7). Both lower drag and lower vaporization rate
near the injector serve the purpose of reducing the over-all
burning rate near the injector and increasing it far from it. When
both effects are combined, the correction is too strong so that
Models A5-A8 (see Fig. 3) and B5-B8 are not acceptable.

Models: D5-D8 of Table 1
These models were not explored, but on the basis of the

above reasoning they could possibly yield acceptable results.

Distributed Drop Radius Models
In the other models of Table 1, a Nukiyama-Tanasawa initial

distribution function for the drop radii was used. The introduc-

tion of the distribution function did not change the nature of
the results. It just smoothed out the differences making more
models acceptable or marginally so. However, a stretching of the
combustion length due to the slow burning of the largest drops
was noticed. Thus, in general, those models, which with a single
initial drop radius tended to give too high an over-all burning
rate far from the injector, i.e., the low drag, relative velocity
sensitive models, give now better results, the opposite being true
for the high drag, radius sensitive, models. Discussion of the
individual models involving distributed drop radii follows.

Models: G1-G4 of Table 1
In these models it was assumed that all drops have initially

the same velocity but their radii are distributed according to
some specified distribution function (soon to be identified as
a Tanasawa-Nukiyama type). It was also assumed that there is no
nucleation or drop break-up so that drops which initially have
the same radius will always have the same velocity [distribu-
tion function / = /(x, r)]. It can be shown1 that, under these
assumptions, the spray equation4 reduces to

(d/dx) (HI /) + (d/dr) (Rf) = 0 (11)
which is equivalent to

dr/dx = R/UI
dlnf

with R = dr/dt

dx
R dui~]

dr d x \

(12)

(13)

where the second equation specifies the change of / along lines
defined by the first one. In these equations uh R, and / are seen
as functions of x, r. When Stokes drag is used, Eq. (10) for HI still
applies. Again, the coefficients K^-K^ of the vaporization rate
equations are constant. Equations (10) and (12) determine
HI = Ui(x,r0, HI) and r = r(x,r0, M/ ) when u = u(x) and p = p(x),
given in Fig. 1, are used. While integrating Eqs. (10) and (12),
one can also evaluate the changes of / by Eq. (13), but some
care must be used since in this equation R and u{ must be seen
as functions of x and r. However, u{ is not explicitly known as
a function of x and r but it is implicitly defined as such by Eqs. (10)
and (12). Thus Eq. (11) was numerically solved1 for the various
vaporization rate equations. A number of observations can be
made before answering the question of whether these models are
satisfactory or not.

Equation (13) can be written as follows:
, 1 tf K OUi\
~\ - \ -r- + T- \dx

ii\ or dx
(14)

fo(0,r0)
It can then be seen that while integrating Eqs. (10) and (12) one
can evaluate the ratio ///„ without having to specify /0(0, r0). This
means that one can appreciate the influence of the selected
vaporization rate equation and of the selected drag equation on
the distribution function without specifying the actual drop
distribution function at x = 0 and valid for any drop distribution
function he may later specify at x = 0. Thus, in Figs. 5 and 6 the
///O's for models Gl and G4 are given. It can be seen that when

0 20 40 60 80 100 120 140 160
Drop radius (microns)

Fig. 5 Distribution function change vs r and A for Model Gl.
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vaporization rate Eq. (1) is used (Fig. 5), small drops vaporize
much faster (inverse dependence on r). Thus, at 12.7 cm from the
injector all drops with radius < 35 /z have practically already
been vaporized. On the contrary, large drops vaporize very
slowly. Thus at 101.6 cm the radius of the largest drops was
reduced only from 155 \i to 134 /^. Or, to put it another way, at
101.6 cm the number of drops having 134 \i radius is still 30%
of the original number. Quite a different picture is offered by Fig.
6. Here large drops vaporize much faster and very small drops
hardly vaporize at all. Here the vaporization rate equation is
independent of the drop radius and depends mostly on the
relative velocity; small drops tend to move at the local gas
velocity whereas large drops tend to maintain their original
velocity. In Fig. 6 one sees that 12 //drops are still present at
101.6 cm while the largest drop radius at 101.6 cm is only 93 \JL.
In this case, the horizontal lines indicate that at 101.6 cm the
number of drops in all radii groups have been reduced roughly
by the same percentage. The number of small drops is reduced
mostly near the injector, because of the high initial relative
velocity, whereas the number of large drops is reduced mostly
far from the injector. In summary, fuel consumption that is high
near the injector and low far from it is calculated with vaporiza-
tion rate Eq. (1). The opposite is true for vaporization rate
Eq.(4).

The actual local distribution function [/ = f ( x , r)] can now
be evaluated if the initial distribution function \_f0 = /0(0, r0)] is
specified. Ingebo7 measured the drop distribution function near
the injector in a liquid oxygen-ethanol combustor under firing
conditions. He also correlated the volume-mean drop size (r30) to
orifice diameter and relative jet gas velocity. An unusual amount
of specific information is then available to select the initial
distribution function for the engine under consideration. A
Nukiyama-Tanasawa distribution function with r0max = 155/zand
r30 between 50 /* and 70 /x was then selected

15 35 55 75 95 115 135 155
Drop radius (microns)

Fig. 7 Distribution function change vs r and x for Model G2,
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Fig. 8 as calculated by Models G1-G4.

/0(0,r0) = 4£r0
2exp(-3.915r0/r30) (15)

and in Fig. 7 an example is given of the calculated local
distribution function for the case of Stokes drag, vaporization
rate Eq. (2), and r30 = 70 \L. Here the quantity F defined by

f(x.r)F = 10 (16)
f0dr0

is the local (at x) percentage of the initial (at x = 0) number
of drops with radius between r and r +10 \JL. .

An interesting question can now be answered. Will the drop
radii, initially distributed according to a Nukiyama-Tanasawa
distribution function, maintain a similar distribution throughout
the engine? In general there is no reason to expect it. If this
were the case, one could set

/(x> r) = 4B(x}r2 exp [- 3.915r/r30(x)] (17)
and one should get straight lines (of varying slope and intersect)
from the following function when evaluated at several x's

J r30(x)
It is thus found1 that vaporization rate Eqs. (1) and (4) (if very
small drops are not included) yield straight lines while
vaporization rate Eqs. (2) and (3) do not quite do so.

Having the distribution function / = /(x, r) satisfying the
spray Eq. (11), it can be shown1 that the dimensionless fuel flux
can be evaluated by either one of the following two expressions:

d(WF\= 1
dx\WFJ AWFi

4nr2pLRfdr (19)

WF 1 f'max**) 4w^r^i 3^"'^ (20)

A check is thus available on the accuracy of the various
numerical solutions. The preceding two expressions must yield
the same (WF/WFo) for all x's. Calculations show that when ut is
constant the above check is met exactly whereas in the more
complicated cases in which ut is a function of both r and x the
check is met with decreasing accuracy for increasing x, but the
difference is still negligible for the purpose of these computations.

The basic question of whether these models are adequate or
not can now be answered with the help of Fig. 8. As this
figure shows, all the four vaporization rate equations are satis-
factory for the first part of the engine, but tend to give too long
a combustion length. Alternatively, by properly selecting the
values of K\-K^t one could have had good agreement on the
combustion length but then the combustion, as calculated by
these vaporization rate equations, would have been much too
active near the injector. In conclusion, these models are not
completely satisfactory. Before going to other models, it might
be pointed out that the values of the constants K\-K4 and of
r30 have a strong influence on the over-all solution. This is
adequately demonstrated in Fig. 9.

Models: G5-G8 of Table 1
The previous models are not quite acceptable because they

give an over-all combustion rate which tends to be too high near
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Fig. 9 Influence of X3 and r30 on WF/WFo, Model G3.
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Fig. 11 WFIWFo as calculated by Models E1-E4.

the injector and too slow far from it. Thus, if instead of using the
X's one used the K*/p's, as in Models C5-C8, one can expect
a better agreement since the substitution achieves the goal of
reducing the vaporization rate near the injector and of increasing
it far from the injector. Accordingly, the vaporization rate
equations given by Eqs. (5-8) were used again, together with a
Nukiyama-Tanasawa initial drop distribution function and
Stokes drag. Figure 10 shows that now all four vaporization rate
equations give satisfactory results. Vaporization rate Eqs. (6) and
(7) could possibly be selected as those giving better results while
vaporization rate Eq. (8) might still be considered acceptable and
it is attractive for its mathematical simplicity

dr/dt= -(K4*/ty)|w-w/| (21)
It can be shown that with this vaporization rate equation and
with CD = 24/Re closed-form solutions of the spray equation can
be obtained for some specific u — u(x) functions.

Models: E1-E4 of Table 1
In these models, a Nukiyama-Tanasawa initial drop distribu-

tion function was again selected and the spray equation was
solved but with the somewhat unrealistic assumption of no drag
(all drops move at constant speed) and with the vaporization
rate Eqs. (1-4). Figure 11 shows that vaporization rate Eqs. (2)
and (3) would give again reasonably good results. Indeed in
these models one has again decreased the over-all burning rate
near the injector and increased it far from it. This was achieved
not through a modification of the vaporization rate equations,
but through a modification of the drag equation. (Parenthetically,
notice that the assumption of constant drop velocity also
improved the result obtained with the vaporization rate Eq. (1)
in which the relative velocity does not appear at all. This is
because the space rate of change of r still depends on u{ [Eq. (12)]
and so do the distribution function [Eq. (13)] and the dimension-
less fuel flux [Eqs. (19) or (20)]. Also notice that the vaporization
rate Eq. (4), which depends heavily on the relative velocity, now
gives too high a rate of over-all combustion far from the injector.)

Conclusions
It was concluded that a spray model made up of a Nukiyama-

Tanasawa initial drop distribution function, a Stokes drag equa-
tion, and either one of the following two vaporization rate
equations:

K
dt

Model K*(g/cm sec)
G5 3.3-lO'5

6.8-IO-6

2.3-IO'6
I.6-IO-7

10 20 30 40 50 60 70 80 90 100 110 120
Distance from injector (cm)

[1 + 0.3Pr1/3 Rel/2] Modified Priem-Heidmann

Kdr
~dt

(6)
3 Re112 Modified Spalding (7)

Fig. 10 , as calculated by Models G5-G8.

reproduced accurately the steady state of the specific oxygen-
ethanol engine configuration studied (models G6 and G7).
However, it must be noted that the coefficients K2*/p and
K$*/p represent ad hoc modifications to the vaporization rate
equations suggested by Priem-Heidmann and Spalding, respec-
tively. These vaporization rate equations in their original forms
reproduced poorly the actual steady state. They led to over-
estimating the over-all burning rate near the injector and under-
estimating it far from the injector, or equivalently, they led to
the erroneous conclusion that most of the ethanol is burned in the
first few inches near the injector and the remaining lingers on at
length. The actual combustion is considerably more uniformly
distributed in the axial direction. In general, the theoretical
vaporization rate constants were found to be too large. To obtain
agreement with the experimental data it was found necessary
to reduce their values by as much as one order of magnitude.1
This trend had previously been pointed out by several authors,
both for individual drops11 and for sprays.12 It was also found
that the use of the distribution function is not necessary to
reproduce accurately the over-all steady combustion although it
does tend to improve the results (i.e., models C6 and C7 are
acceptable). The proper initial drop radius to be used when a
distribution function is not used is r0 = 5r30/3.915. In this study
the typical drop Reynolds number was of the order of 100.
Nevertheless Stokes drag equation was found to give better
results than higher drag equations. In rocket combustion studies
much stronger drag equations are often used8 following Rabin9

who suggested accounting for the droplet flattening at high
Reynolds number. However, Eisenklam et al.10 noticed no
flattening for Reynolds numbers up to 400 and actually suggested
lower drag for burning drops than for solid spheres. The findings
of this work are in agreement with Eisenklam results, even
though the introduction of specific droplet breakup equations
could possibly make the higher drag models acceptable.
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Steady, Incompressible, Swirling Jets and Wakes
ARTUR MAGER*

The Aerospace Corporation, El Segundo, Calif.

The problem of steady, incompressible, swirling, laminar, or turbulent jets and wakes, with their surroundings
either in axial motion or at standstill, is formulated in the plane of parameters characteristic of the axial and
circumferential velocities. This permits one to discern the physically realistic cases and allows an insight into the
behavior of the solutions, particularly near the discontinuities. Examples of continuous (some in closed form) and
discontinuous solutions for wakes and jets are given. These show that the axial motion of the surroundings reduces
the flow expansion and that the swirling wakes behave quite differently from swirling jets. Good agreement with
the available analytical and experimental work of others on swirling jets in still surrounding is indicated.

Introduction

THE method, previously proposed by the author for the study
of vortex cores,1 is extended here to swirling, unbounded

flows without net circulation when their surroundings are either
in axial motion or at a standstill. These flows are of practical
interest because they represent idealizations of real flow
situations occurring downstream from propellers, turbojets, air
turbines, windmills; and in certain sprays, atomizers and com-
bustion chambers, as well as in models of such natural
phenomena as dust devils and water spouts.

In spite of this wide applicability, flows of this kind have
received but little attention. Only the swirling jets which issue
into still surroundings have been extensively studied analytically
and experimentally.2"10 A review of the analyses reveals that
two are quasi-empirical,4'5 others are restricted to apply when
the pressure varies in the axial direction qnly,3'9 still others are
limited by their experimentally determined constants to certain
specific values of the initial swirl5'10 or by the form and number
of the computed expansion terms to conditions away from the
origin where the flow is but slightly different from the nonswirling
flow.2 None applies in regions where the swirl is high enough to
cause flow reversal. But reversed flows and initial enlargement
of the jet's diameter close to the exit nozzle have been observed
in such flows by many investigators5'7-8 and from the practical
standpoint of rapid mixing and dispersion they are precisely the
features which are most interesting. Therefore, one would like to
understand the conditions which lead to such an irregular
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behavior. This state of knowledge is even more meager when the
flow surroundings are in axial motion. To the best knowledge of
the author only one experimental investigation of swirling wake
has been reported in the literature11 and the available analytical
solutions11"15 are either limited to weakly swirling far down-
stream regions11'12 or apply exclusively to wakes only. For the
most part these solutions are continuous and though Gartshore14

suggested that the discontinuities that he encountered may be the
analytical counterpart of the sometimes seen vortex breakdown,
he failed to pursue this idea to its full potential. But it is the
breakdown of the flow which is perhaps the most interesting
feature of swirling wakes because without it, such wakes tend to
diffuse very slowly, persisting for long distances behind the
generating body—a situation which is often undesirable.

To understand the nature of the solutions, Gartshore15 plotted
their trajectories in a phase plane, that is in the plane of the
parameters characteristic of the axial and circumferential
velocities, but for some reason he never made the connection
between the trajectories and his on-axis condition thus failing to
see how the discontinuities arise. Nevertheless, it is this plot of
Gartshore's that suggested to the author the method of Ref. 1
which, for flows with circulation, not only afforded a clear insight
into the behavior of the solutions close to the discontinuities
and at the downstream infinity, but also showed in the case of
multiple branch solutions, how crossovers from one branch to
another may happen. One would thus expect that the application
of this same method to swirling wakes and jets will also permit,
in addition to their normal viscous dissipation, the determination
of the conditions which lead to their very interesting, irregular
behavior.

Phase Plane
Using the quasi-cylindrical approximation, denoting all

dimensional quantities by an overbar and dividing all velocities


